A generalization of the operator method by Grisvard is used to ensure weak and strict solutions to some degenerate differential equations with delay in Banach spaces, whose operator coefficients are time depending. Some applications to ordinary and partial differential equations with delay are described. r
Introduction
The problem MðtÞu 0 ðtÞ þ LðtÞuðtÞ þ KðtÞuðt À 1Þ ¼ f ðtÞ; tX0; ð1:1Þ uðtÞ ¼ jðtÞ; À1ptp0; ð1:2Þ when the operators MðtÞ; LðtÞ; KðtÞ ðtX0Þ are closed and linear from a complex Banach space X into itself, and MðtÞ is not necessarily invertible, was recently considered by some authors. See [3, 4, 10, 11] , where some examples from physics are also given. We confine ourselves to mentioning the papers [2, 12] , where the solvability and properties of solutions to explicit time-dependent delay equations (MðtÞ is the identity operator) were considered in Banach and Hilbert spaces, and the monograph [9] (Section 6), where these questions were considered in a finitedimensional space.
In [4] , the key assumption to handle time-dependent operators in degenerate equation ( In what follows, restriction (1.3) will be maintained only for every time interval ½0; t 0 with C 1 ¼ C 1 ðt 0 Þ and C ¼ Cðt 0 Þ: Under some regularity conditions, we showed in [4] that (1.1), (1.2) has a unique sectionally continuous solution (i.e. uðtÞ is continuously differentiable for tA½À1; NÞ\fkg N k¼0 ; MðtÞuðtÞ is continuous on ½0; NÞ and continuously differentiable for tA½0; NÞ\fkg N k¼1 ; (1.1) holds for tA½0; NÞ\fkg N k¼0 ; and (1.2) is verified) or a unique continuous solution uðtÞACð½À1; NÞ; X Þ: In this paper, by using a completely different approach related to the operator method by Grisvard [7, 8] and its generalization by Favini and Yagi [5] , we shall treat both (1.1), (1.2) and the problem d dt ðMðtÞuðtÞÞ þ LðtÞuðtÞ þ KðtÞuðt À 1Þ ¼ f ðtÞ; tX0 ð1:4Þ
together with (1.2), and more regular solutions shall be obtained. In fact, we shall reduce (1.1), (1.2) to a suitable problem of type (1.4), (1.2) . To this end, in Section 2 we shall study the operator equation
in a complex Banach space E; where T is a bounded linear operator from E into itself and B is a closed linear operator from E into itself. Section 3 contains the main results on (1.1), (1.2) and (1.4), (1.2) . In Section 4, we illustrate the abstract theorems by giving some applications to ordinary and partial differential equations with delay.
Some results on operator equations
Let B be a closed, densely defined linear operator from a complex Banach space ðE; jj Á jj E Þ into itself such that for some d40 and C 2 40 the following estimate holds: and for some C 3 40; 0oC 0 od the resolvent ðzT þ 1Þ À1 satisfies (2.2). Suppose also that commutator (2.3) has a bounded extension from E into itself with (2.4). If s is suitably large, then problem (1.5) has one and only one solution for any hAE:
Proof. We begin with the uniqueness. Let Tv ¼ w:
It is sufficient to show that w ¼ 0: Let G be the counter-clockwise oriented circumference z ¼ re iy ; 0pyp2p; where r ¼ ðC 0 þ dÞ=2: One has so that
Hence,
where
Since (2.1) and (2.4) are verified, W has a small enough norm for sufficiently large s: Take
Then v (2.5) satisfies (1.5 (2.9) . In virtue of (2.9), the direct sum decomposition X ¼ RðTðtÞÞ"NðTðtÞÞ holds and the restrictioñ TðtÞ of TðtÞ to RðTðtÞÞ is an isomorphism from RðTðtÞÞ onto RðTðtÞÞ ðt 0 ptpt 0 þ tÞ: Here and in the future we denote by RðTÞ and NðTÞ the image and the null space of T; respectively. Concerning f ðtÞ; it is assumed that f ðtÞACð½t 0 ; t 0 þ t; X Þ: We shall seek a function uðtÞACð½t 0 ; t 0 þ t; X Þ such that uðtÞAD for any tA½t 0 ; t 0 þ t; LðtÞuðtÞACð½t 0 ; t 0 þ t; X Þ; MðtÞuðtÞAC 1 ð½t 0 ; t 0 þ t; X Þ and (2.6), (2.7) hold. Such a function is also said to be a strict solution to (2.6), (2.7). We now indicate how to handle (2.6), (2.7) by means of Theorem 2.1. To this end, let
ð2:10Þ
where v 1 shall be defined precisely later. We see that problem (2.6), (2.7) becomes d dt ðTðtÞwðtÞÞ þ wðtÞ ¼ hðtÞ; t 0 ptpt 0 þ t; wðt 0 Þ ¼ 0; ð2:11Þ
Here T 0 ðtÞ denotes the strong derivative of TðtÞ: Suppose that
Now we can define the vector v 1 in (2.10) as
Then hðtÞ (2.12) satisfies hðtÞAC 0 ð½t 0 ; t 0 þ t; X Þ; where
It is easy to verify that under assumption (2.13), if wðtÞAC 0 ð½t 0 ; t 0 þ t; X Þ satisfies (2.11), then the function
with v 1 (2.14) is a strict solution to (2.6), (2.7). Now we only need to notice that Theorem 2.1 applies when 
so that it vanishes as well. Therefore, 
Equations with delay
The main result concerning problem (1.4), (1.2) reads as follows. there exists a unique function uðtÞACð½À1; NÞ; X Þ such that LðtÞuðtÞACð½0; NÞ; X Þ; uðtÞ; LðtÞuðtÞAC 1 ðð j; j þ 1Þ; X Þ ð j ¼ 0; 1; yÞ and (1.1) holds for tA½0; NÞ\f jg
and (1.2) holds for tA½À1; 0: At the points t ¼ 1; 2; y the functions uðtÞ; LðtÞuðtÞ have derivatives on the right and on the left, at the point t ¼ 0 the function uðtÞ has derivatives on the right and on the left too, the function LðtÞuðtÞ has a derivative on the right.
We shall call the function uðtÞ; defined in Theorem 3.2, a weak solution to problem (1.1), (1.2).
Proof. To solve problem (1.1), (1.2), we again apply the method of steps. We first consider the equation Taking into account conditions (3.6) and that the operator Sð jÞ is not degenerate on Pð jÞD; we get 
Examples
We shall give some applications of our general results obtained in Section 3. Example 1. For over 25 years the theory of differential-algebraic equations (DAEs) has been intensively developed. We refer, for example, to the work [6] . In [1] , stationary DAEs with delay were considered. Let us illustrate how our results work by means of a simple system of ordinary differential equations with coefficients depending on time. Consider the following DAE with delay: 
The matrices MðtÞ; LðtÞ; KðtÞ are infinitely differentiable. It is not difficult to see that there exist positive constants C; % C such that 
Conditions (3.6), (3.7) in the case of problem (4.1), (4.2) are, respectively, the following: 
